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We show that magnetic bubbles and lipid monolayer bubbles belong to the same 
family of cellular pattern systems, whose best studied member is the two- 
dimensional soap froth. We analyse the family resemblances by showing that these 
systems share the phase space structure of the ideal planar froth. The dynamics of 
these systems is studied with the goal of seeing how their topological structure 
might arise and unravel. Monolayer bubbles evolve in time, while magnetic bubbles 
do not; we show that this is due to a symmetry breaking in the interactions that form 
the domains. We propose the Gibbs-Thompson effect as responsible for this 
breaking in monolayers, and show that it induces a dynamics which is, to lowest 
order, von Neumann's law. 

5 1. INTRODUCTION 
Some systems in Nature produce planar cellular patterns. Among them are the 

planar soap froth (Aboav 1970, Stavans 1990), boundary-dominated or vertex- 
dominated grain growth in metals (Smith 1952, Ralph 1990) and BCnard-Marangoni 
cells in thermal convection (Rivier, Ocelli, Pantaloni and Lissowski 1984). Several 
theoretical models have been devised to study these systems: the ideal planar froth 
(Weaire and Kermode 1983, 1984, Weaire and Lei 1990), boundary kinetics models 
(Mullins 1988, Shibayanagi Takatani and Hori 1991), vertex kinetics models 
(Kawasaki, Nagai and Nagashima 1989, Nakashima, Nagai and Kawasaki 1989) 
domains in the Q = oo Potts model (Glazier, Anderson and Grest 1990), etc. These 
systems, though different, belong to a single family. At the basic level, common to them 
is a peculiar phase space structure, consisting of a connectivity three network, on whose 
elements a set of variables is defined. Both the topological structure of the network and 
the numerical values of the variables evolve, and their evolutions are coupled. Different 
systems or models can have their sets of variables assigned to different elements of the 
network. For example, the relevant variables in the ideal soap froth are the areas of the 
bubbles, which are assigned to the faces of the network, while the variables in vertex 
dominated grain growth are the positions of the vertices, which live on them. Of course, 
even if two systems have the same set of variables, they can differ in the dynamic laws 
that they follow. This freedom gives a lot of diversity to this family. We will bear this in 
mind, and take the ideal planar froth as representative of the family. 

In all of the systems mentioned above, the boundaries between domains can be 
reasonably approximated as being infinitely thin. There is no problem in finding the 
network, since the boundaries are the network itself. 
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There is no reason, however, why this family should only include systems for which 
the walls are thin. Some systems have an underlying network which can be 
reconstructed from the patterns, but is not so obviously laid out. The systems we will 
study fall in this category: in these the boundaries between domains are thick, and 
therefore they do not form a network in the sense above; but the domains arrange 
themselves in such a way that a network structure still exists. 

Two of these systems have been well studied experimentally, and will be the subject 
of this paper. They are two-phase systems, for which one phase spontaneously 
segregates, producing a set of droplets immersed in a 'sea' made of the other phase: 

(a) Magnetic bubbles: magnetic garnets are ferrimagnetic materials having a large 
(easy) magnetic anisotropy along one axis. A thin monocrystalline layer of 
garnet can be grown in such a way that this easy axis is perpendicular to the 
wide directions (Howell, Kelvington, Willoughby and Ralph 1974, Bobeck and 

Fig. 1 

(B )  
Magnetic bubbles. ( A )  At low external field: round bubbles. (B )  At high field: polygonal bubbles. 

Courtesy of Pierre Molho. 
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della Torre 1975, Eschenfelder 1981). The geometry of the system is quasi-two- 
dimensional; the magnetization vector is constrained to be normal to the layer. 
The two different phases are the two different directions (up or down) the 
magnetization vector can point to below the NCel temperature. The garnet is 
usually formulated so as to be transparent. The domains can then be observed 
through cross polarizers, due to the Faraday effect, see fig. 1. As an external field 
(normal to the garnet) is increased, the system undergoes coarsening (Wool- 
house and Chaudhari 1974, Babcock, Seshadri and Westervelt 1990). At fixed 
field, the patterns are stationary in time. 

(b) Monolayer bubbles: these are droplets of liquid in a gas matrix (or gas in a 
liquid matrix), in amphiphilic monolayer systems at gas-liquid coexistence. 
Since the cell is closed, mass is conserved, and the phase transition is of the 
'conserved order parameter' type. There is therefore an externally controlled 
parameter, the total mass, or equivalently the 'coverage fraction' of one of the 
phases. Monolayers are usually visualized through fluorescence microscopy: a 
dye is doped into the film and is made to fluoresce through excitation with laser 
light, see fig. 2. The system spontaneously evolves, and shows coarsening 
(Berge, Simon and Libchaber 1990, Stine, Rauseo and Moore 1990). No 
external fields are used. 

We will study these systems in their 'round bubbles regime', which is shown in figs 1 (a) 
and 2 (a). It can be seen from these figs that the walls separating domains are indeed 
thick; the width of the walls may be as large as the size of the smaller bubbles. The 'sea' 
on which the bubbles are immersed is no longer one dimensional, and therefore it is not 
a network. 

In this paper I will show that these systems belong in the same family as the rest of 
cellular pattern systems which have been studied in the past. In order to be able to do 
so, we should first define what that family is. We will say a system is a froth if 

(A)  its phase space structure consists of a triangulation and a suitably defined set of 
state variables associated to its elements. 

(B) its evolution is such that the dynamics of the topology depends on the state 
variables, and vice versa. 

The logical structure of this paper is as follows. 
In $2  we review the ideal planar froth, and show that it does indeed satisfy the 

definition above. We develop the notion that the dynamics of the state variables follows 
from a slow dynamics, and that the dynamics of the topology follows from a fast 
dynamics. 

In $ 3  we analyse magnetic bubbles and monolayer bubbles in the context of 
requirement (A)  in the definition above, which concerns the spatial layout of the 
patterns. I will show that for these systems there is a simple, natural and unambiguous 
way to define the topology, propose a simple model system on which this same kind of a 
topology is observed, and explain which interactions are responsible for it. 

In $4  we look at requirement (B), which relates to the dynamics of the patterns. 
Analysis of interactions in magnetic bubbles reveals that no dynamics should be 
expected. I will show that in monolayer bubbles, the conserved order parameter 
transition allows symmetry breaking interactions to generate dynamics. Since 
monolayer bubbles evolve in time, we will look for the symmetry-breaking interaction 
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Fia. 2 

(4 
Monolayer bubbles. (A)  Low gas coverage: round bubbles. (B) High gas coverage: polygonal 

bubbles. Courtesy of Berge, Simon and Libchaber. 
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which is responsible for their dynamics. I will propose the Gibbs-Thompson effect as a 
candidate for this role, and show that the dynamics it generates is the same, to lowest 
order, as the slow dynamics of the ideal planar froth. 

I will present my conclusions in 5 5. There are four appendices. In Appendix A there 
is a simple proof of von Neumann's law, for reference. In Appendix B we outline some 
properties of topological networks. In Appendix C we discuss Voronoi constructions 
for domains. Finally I prove, in Appendix D, a geometric construction used in 5 4. 

5 2. THE IDEAL PLANAR FROTH 

The ideal planar froth is a theoretical model devised to approximate the dynamics 
of a real planar soap froth. It has become the paradigm of cellular pattern systems in 
general. Its study has enjoyed some attention (Weaire and Kermode 1984, Weaire and 
Rivier 1984), but still very little is understood about it in reasonable depth. 

We will show in this 5 that the phase space structure of this system consists of two 
elements: a topological network (which we will call simply the 'topology') having the 
structure of a triangulation; and a set of state variables (areas) which live on the vertices 
of this triangulation. 

The dynamics on this phase space consists of two interlocked pieces: the dynamics 
of the state variables, and the dynamics of the topology. The dynamics of the state 
variables depends strongly on the topology, while the dynamics of the topology 
depends on the state variables. 

The model consists of a set of domains called bubbles, conceptually containing an 
incompressible gas, separated by a set of boundaries or films, conceptually made of 
soapy water. In the classical literature (von Neumann 1952, Smith 1952, Weaire and 
Rivier 1984, Glazier 1989), the model is endowed with dynamics on two different 
timescales. These remain unspecified, but are assumed to be as widely separated as 
necessary. 

The fast timescale minimizes overall film length under the constraint of constant 
area in each domain, It achieves a stable 'mechanical' equilibrium point. In this 
equilibrium vertices have threefold connectivity, and films are circular arcs which 
impinge on vertices at 120" from one another. The film network exerts forces on 
domains as a result of the curvature of the walls. There is a pressure inside each domain, 
which is the Lagrange multiplier associated to the conservation of the area of that 
domain. 

The fast timescale is responsible for the emergence of a connectivity three network. 
The system attempts to minimize the length of the boundaries, while keeping the areas 
of the domains fixed. Then, vertices with connectivity higher than three become 
energetically unstable, and decay into several vertices with connectivity three. By the 
same token, whenever two vertices collide (due to the slow dynamics) or a domain 
vanishes, this timescale will determine how the singular vertices will decay into regular 
three vertices. Therefore, the fast dynamics not only determines the emergence of the 
network, but also controls its evolution. 

What are the degrees of freedom left in the system after the fast timescale has 
achieved its stable equilibrium? They are the ones that were kept constant through 
constraints: the areas. I will now show that, given the topology, the equilibrium 
configurations can be parametrized by the set of areas, all other geometrical variables 
being set by the fast timescale. Assume we are given a froth configuration in mechanical 
equilibrium, i.e. (8) and (9) are satisfied. This configuration is fully specified by stating 
the position of each vertex and the pressure in each domain, for then we can draw all 
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boundaries. Assume we distort the configuration slightly, while keeping it in 
mechanical equilibrium. Each vertex has two degrees of freedom, and there are two 
constraints on it, since two angles have to be equal to 120". By the implicit function 
theorem, as long as these 'angle' constraints are independent, the positions of the 
vertices are automatically determined, and equilibrium configurations are locally 
parametrized by pressure only (except some singular cases with high symmetries). Since 
there is a duality relationship between pressures and areas, they can equally well be 
parametrized by areas only. 

The slow timescale is that of gas diffusion. Since there are pressure differences 
between adjacent domains, gas can be allowed to diffuse through walls following the 
pressure difference. If it does so very slowly, then we may take the fast timescale as 
imposing an adiabatic constraint, and the slow timescale as giving a dynamics living 
under this constraint. 

It is simple to prove that in this system, the time derivative of the area of a domain 
follows the following equation: 

which is known as von Neumann's law (von Neumann 1952). It is proven, for reference, 
in Appendix A. Here, n is the number of sides of the domain, and k is a constant 
involving the permeability and surface tension of the films. Notice that the rate of 
change of the area does not depend on the area itself, or the position of the vertices; it 
only depends on the coarsest and most local topological quantity: the number of first 
neighbours. 

Von Neumann's law describes the slow evolution of the areas of domains due to the 
gas diffusion. Since we showed before that the areas of the domains are all that is left for 
the slow dynamics to act upon, this law becomes a particularly strong result: eqn. (1) is 
the complete expression of the slow dynamics. There are no 'hidden variables' in the 
system, no slow dynamics not contained in von Neumann's law. 

The topology of the boundaries can be described in two ways. The most obvious 
one is as a planar connectivity three network; this is just a description of the walls. The 
other way is through the dual network. The duality relationship maps all cells of the 
froth to a vertex in the dual network all vertices to the faces of the dual, and edges to 
edges as shown in fig. 3. Vertices in the froth are triply connected, so the faces of the dual 
network are triangles, and the dual is a triangulation. Even though the descriptions are 
equivalent (see fig. 4), and the connectivity three network is directly linked to the spatial 
layout of the froth, the triangulation is a better way of describing the froth for some 
purposes. This is discussed in Appendix B. For example, the areas, which play the role 
of state variables, are associated to the faces of the real-space network while they are 
associated to the vertices of the triangulation. (Triangulations are very natural, as we 
shall see, because in the systems we will study the real-space network no longer exists, 
but there is a natural way to define the triangulation). 

The slow dynamics will carry the system to a state where there is no longer a fixed 
point of the fast dynamics, because the constraint equations can no longer be satisfied. 
For instance, (1) states that the area of a five sided bubble will vanish in finite time. Also, 
two vertices may collide, but the length of a wall cannot become negative and walls 
cannot cross each other. So it is not true that given a topology we can obtain a froth for 
just any set of areas. For each topology there is an open set in the space of all areas 
where these constraints may be satisified. The slow dynamics will eventually collide 
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Fig. 3 

The duality relation between networks. 

with the boundary of the set; as it does so, the fast dynamics is activated. Since the fast 
dynamics acts at conserved area per bubble, and the current topology does not support 
this set of areas, the topology must change. 

I will not delve into the topology changing processes. These constitute what we 
called before the dynamics of the topology. The way the topology changes is solely 
determined by the mechanical motion dynamics, which may be different for different 
systems, even if the slow dynamics is the same (Fradkov, Magnasco and Udler 1991). 

The final outcome of these considerations is that the ideal planar froth can be 
depicted as a triangulation, with state variables (areas) living on its vertices. There is a 
dynamics of the state variables (von Neumann's law) arising from the slow gas- 
diffusion processes. There is a dynamics for the triangulation coming from the fast 
mechanical timescales. Froths are at this abstract level the same type of system as 
dynamically triangulated random surfaces (Billoire and David 1986) and planar 
quantum gravity (Agishtein and Migdal 1990). From such a viewpoint, the triangu- 
lation represents the discretization of a curved surface, and the areas are a scalar field 
on this surface. The slow dynamics is the evolution of the scalar field, while the fast 
dynamics is the evolution of the (discrete) curvature tensor. Froths are, however, a more 
natural example of such systems, since their topology is native to them rather than the 
effect of the discretization of a continuum theory (Misner, Thorne and Wheeler 1973). 

$3. TOPOLOGY 
In this $ we will analyse magnetic and monolayer bubbles in the context of 

requirement (A) in the definition of a froth, in $ 1. The concern will be with the existence 
of a triangulation topology, and therefore this 5 will put emphasis on the spatial layout 
of the patterns at fixed time. This work is an extension of the studies of Weaire and 
Rivier, who convincingly argue (Weaire and Rivier 1984) that a system producing 
domains will satisfy (A) if the domains are space filling, and the network of walls 
separating them is structurally stable. Their argument, however, only covers systems 
for which the boundaries between domains can be suitably approximated as infinitely 
thin, and therefore does not apply to our case. (More technically, their argument covers 
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Fig. 4 

(A)  (4 
Non-triangulable connectivity 3 networks. (A)  A 'self interaction' diagram. This diagram cannot 

be realized in mechanical equilibrium, since the loop cannot simultaneously be a circular 
arc and meet itself at 120'. (B) A 'lens' or two sided bubble. The ideal planar froth cannot 
'create' this diagram if it was not in the initial conditions, but other cellular systems can. 
We will not consider these diagrams or other multigraphs. 

systems for which the walls are a planar embedding of the topology, which can only be 
achieved for infinitely thin boundaries; our extension consists of lifting the 'embedding' 
requirement.) 

We will show that magnetic and monolayer bubbles do have a topology, defined in 
a rather natural way, as a consequence of a peculiar metric structure of the patterns. We 
will then build a simple model which shows this same structure, and analyse the 
mechanism through which it is created. 

3.1 Source of the topology 
We may idealize both magnetic bubbles and lipid monolayer domains as a set of 

non-intersecting smooth boundaries with disjoint interiors. We have already noted 
that in magnetic bubbles the thickness of the walls can be as large as the diameter of the 
smallest bubbles, as can be seen from fig. 1. The simple arguments that work well on 
soap froth become unsustainable here. However, by visual inspection, we see that the 
identity and number of the first neighbours of a given bubble seem unambiguous and 
uncontroversial. Furthermore, a careful inspection of the patterns shows that this 
network is always a triangulation. It looks as though the system always has an 
associated triangulation which is 'canonical' in nature. 

A set of randomly positioned non-intersecting boundaries does not possess a 
natural triangulation topology in this sense. We discuss this fact in some more detail in 
AppendixC. There must be therefore some special metric structure buried in the 
patterns. We can get a hint about what this structure is, again just by visual inspection: 
even though the strips separating domains are thick, their width is nearly constant. This 
can be checked quite explicitly on experimental data. In fig. 5 we show a histogram of 
the minimum distance between borders for all pairs of bubbles in fig. 1. Observe that 
this histogram shows that only two regions of distances are occupied: there is a narrow 
peak at small distances, separated by an extended zero from the rest of the histogram. A 
range of distances (the extended zero) is forbidden; no such thing could occur if the 
domains had been placed randomly on the surface. Thus we get a natural definition of 
nearest neighbours. Furthermore, if we join all pairs of domains whose distance falls 
inside the first peak, we do not obtain just any planar graph: we obtain a triangulation. 
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Fig. 5 

Histogram of d i j  for the magnetic bubble pattern shown in fig. 1 (A)  (experimental image from 
Pierre Molho, image analysis by the author). Notice the presence of two distinct 
components of the support of the histogram. 

Since the two components of the support of this histogram are separated by a finite 
distance, the network obtained by the above procedure is structurally stable. It is in this 
precise and verifiable sense that we will assert that these systems have a canonical 
triangulation topology. Hence, they have partly become froths, since they satisfy 
requirement (A) .  

3.2. Interactions forming the topology 
The natural question then to be asked is why do these systems become froths. We 

want this question to be answered in terms of the interactions between domains which 
are responsible for the generation of a topology shown above. 

I will take the boundaries to be circles. Call xi the centre of circle i, and ri its radius. 
We can define a distance between circles by 

Notice that, as discussed in Appendix A, this is not a metric. Disjointness implies di j  > 0. 
We want to write an ordinary differential equation (ODE) for the dynamics of an 

ensemble of such circles. We want it to have the main features of magnetic bubbles: a 
dissipative evolution (creeping motion, of the form 'velocity=mobility x force'); a 
strong repulsion between domains, blowing up as dij+O; compressibility of the 
domains, and some 'pressure' (external magnetic field) trying to make the domains 
grow. 
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If we also request that the interactions be only pairwise sums (no three body forces), 
then there are not may way to produce such a set of ODEs; so we will define for this 
system of circles a dynamics of the form 

and require that both f and g be symmetric functions in ri and rj, that they diverge at 
dij+O at least like a second-order pole, and that they fall off at dij-+oo at least as fast as 
d,i 3. We will require also f; g and p to be positive. 

Under these conditions the dynamics can have a rather simple behaviour. The 
interaction in the xi is repelling, possesses a singularity when two domains try to collide, 
and is absolutely summable, so for sufficiently large rafts the interactions with the 
boundaries is negligible. If the initial condition corresponds to a disjoint set of circles, 
the evolution will never force circles to intersect. The dynamics in the ri is slightly more 
subtle: circles tend to grow as much as they can because ofp, but cannot bump into each 
other because of their repulsion; if pressed together, their radii will decrease because of 
g. So, a given initial configuration will evolve until all circles have exhausted the space 
they have available; this ODEs actually try to increase the total area covered by the 
circles as much as possible within the constraints imposed by the repulsion between 
domains. Due to the steepness of the singularities at dij+O, if p is large enough, adjacent 
domains will be nearly touching each other with fairly constant d ip  This lends to a 
planar graph. 

A graph is said to be planar ifit can be drawn on the plane in such a way that no two 
edges intersect. A planar graph is called saturated if there is no way of adding a new 
edge between existing vertices while keeping it planar. It is a classical result of planar 
graph theory that saturated graphs are triangulations (Preparata and Shamos 1985). In 
our system, the dynamics of the x's tends to lead to a planar graph. Still, the 
configuration can be jammed in such a way that empty space remains wasted because 
the circles all block each other, as shown in fig. 6. The role of g is to allow circles to 

Fig. 6 

Jamming of configurations. We assume that the bubbles shown are closely surrounded by other 
bubbles. Then, there is no way in which the void can be occupied without the bubbles 
changing size. 



Two-dimensional bubble rafts 

Fig. 7 

Unjamming of configurations. Bubble (A) can shrink and get into the void. The area freed by this 
action is larger than the area lost by bubble (A). 

decrease their radii when pressed so that jammed configurations can be unblocked, 
following the mechanism shown in fig. 7. As configurations unjam, the planar graph 
becomes saturated and thence a triangulation. 

We have implicity assumed the presence of a surface tension. It is necessary to have 
a strong surface tension to prevent the circles from deforming. Were it weak in 
comparison with the other energies at work, the domains would not just deform they 
would undergo nasty morphological transformations, as happens with labyrinth 
shapes (Molho, Gouzerh, Levy, and Porteseil 1986). We must beware that the 
comparison of energetics depends on the lengthscales involved, since these systems are 
not scale invariant. 

A simple example of an ODE satisfying the above criteria is 

ti="(.- j+i L), d;  

The system can be set on a torus, so that boundaries do not interfere, and the initial 
conditions set to be such that all circles have very small radii and random (non- 
intersecting) positions. The system eventually reaches a stable fixed point. A plot of one 
such final configuration can be seen in fig. 8. Notice the strong similarity in appearance 
to the frothy systems we are studying, in particular to fig. 1. Repeating the analysis of 
pairwise distances made before for experimental data, we obtain the plot shown in fig. 9. 
We see this plot has the same structure as the plot of experimental data in fig. 5. 

The central idea is that the system, due to the repulsion between domains, tries to 
partition space evenly between them. Since there is also a tendency of the domains to 
grow (limited by repulsion and perhaps self-energies) the result is an approximate form 
of optimal packing. This process is the one that endows the raft with a topology; we see 
that the steep repulsions between domains lead to this packing process. We will not 
study the detailed morphology of model (4) here, since it is irrelevant for the purpose of 
this paper. Such a study will be conducted elsewhere. 
































